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INTRODUCTION

Steel corrosion in concrete structure results from concrete

carbonation and aggressive environments, leading to the degra-

dation of crack resistance and durability of steel reinforced

concrete component. As one of the most innovative composite

materials, FRP bars have characteristics of high specific strength,

excellent corrosion resistance and strong design ability1-3,

which have emerged as a potential alternative material to the

traditional steel. The cracking moment of a normal section is not

just the main basis to determine whether a component cracks,

but also an important indicator to evaluate structural service

performance and durability, thus it is a great significance to

study the cracking moment of FRP reinforced concrete beams.

Several scholars involved in the study on cracking moment

of a normal section of FRP reinforced concrete beams early.

Masmoudi et al.4 investigated the cracking behaviour of FRP

reinforced concrete beams and concluded that the number of

crack increased while the crack spacing decreased as the

reinforcement ratio increased. They also pointed out that the

cracking moment should be computed as recommended by

ACI, that was, by assuming that the section of the beam was

made only of concrete. Rafi et al.5 compared the cracking loads

and cracking patterns of concrete beams reinforced with CFRP

bars and steel bars, respectively. They found that the cracking
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behaviour and pattern of both steel and CFRP reinforced beams

were similar. Nowadays, the formulas of cracking moment

of FRP reinforced concrete beams have been put into the

American code ACI 440. 1 R-066, but it is based on the elastic

section moment of inertia and not considering the plastic

deformation of concrete in tensile area. Zhang and Huo7, Li

and Jiang8 used three point loading test to investigate the

cracking behaviour of BFRP reinforced concrete beams and

stated that reinforcement ratio had very small effect on the

cracking moment. Although many experiments have been

carried on, there is still lack of a specific formula to calculate

the cracking moment. In this paper, the calculation formula,

which considering the plastic strain of concrete in tensile area

will be established.

Theoretical analysis on cracking moment of FRP reinforced

concrete beams

Uncracked transformed moment of inertia: FRP bar

has a significantly lower compressive strength than tensile

strength and is subject to significant variation. Therefore, the

strength of any FRP bar in compression should be ignored

and using single-side reinforced rectangular section in design

calculations. Based on the principle of equal strength to

transform the FRP bars into concrete and carring on theoretical

derivation.
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The reinforced area of FRP bars in tensile region, Af, is

transformed into concrete and gets the transformed area kAf,

in which k = εf/εc, εf and εc are the elastic modulus of FRP

bars and steel bars, respectively. Therefore, the extra area,

(K – 1)Af, is added at the same height, as shown in Fig. 1. So

the total area of concrete after transformed can be expressed

as eqn. 1.
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Fig. 1. Transformed section before cracking

A0 = bh + (k – 1)Af (1)

where A0 and Af are transformed area of concrete and

reinforced area of FRP bars, respectively, b and h are the cross

section width and depth of the concrete beam.

The distance from extreme compression concrete to the

neutral axis can be determined by the condition of equal moment

of area for tensile and compressive regions, respectively, as

shown in eqns. 2 and 3, where h0 is the effective depth.
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The transformed moment of inertia of an area can be

calculated with eqn. 4.
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Expression of the cracking moment: Based on the plane

assumption, no extrusion between the vertical lines and

deformation within the elastic limit, the expression of normal

stress as shown in eqn. 5 in mechanics of materials.
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TABLE-1 

VALUE OF γ OF CONCRETE BEAM REINFORCED WITH GFRP BARS 

Reference b (mm) h (mm) ρf (%) ft (MPa)  K x0 (mm) Mcr,ex (kNm) γ AVGa STDEVb CVc 

150 250 0.7 3.4 1.4 125 4.5 0.84d 

150 250 0.80 3.4 1.4 125 5.7 1.06 
Alsuna and 
Pilakoutas9 

150 250 3.80 3.4 1.4 127 6.2 1.12 

200 300 1.60 2.9 1.4 151 10.9 1.24 

200 300 2.20 2.9 1.4 151 11.3 1.27 

200 300 1.40 2.9 1.3 150 10.1 1.15 

Kassem  
et al.10 

200 300 1.90 2.9 1.3 150 11.3 1.26 

180 200 0.54 3.75 1.2 100 4.5 1.14 

180 200 0.54 3.75 1.2 100 4.8 1.21 

180 200 0.81 3.75 1.2 100 4.5 1.14 

Wong  
and Qi11 

180 200 0.81 3.75 1.2 100 5.3 1.35d 

200 300 0.92 3.04 1.1 160 13.4 1.22 

200 300 0.83 3.04 1.1 160 13.1 1.15 Zhang et al.12 

200 300 0.81 3.04 1.1 160 12.6 1.11 

1.17 0.065 0.055 

aAverage. bStandard deviation. cCoefficient of variability. dDon't participate in calculation. 

 

when the beam cracks, σ = ft, where ft is tensile strength of

concrete, so the cracking moment can be calculated with eqn. 6.

1
00tcr )xh)(If(M −

−= (6)

In fact, part of the concrete in tensile area has entered the

stage of plastic deformation when the beams are about to crack

and no longer satisfying the assumption of deformation within

the elastic limit. In this view, the eqn. 6 is modified by the

introduction of sectional plasticity influence coefficient of

resistance moment γ and the final calculation formula which

considering the plastic strain of concrete in tensile region will

be obtained, as shown in eqn. 7.

1
00tcr )xh)(If(M −

−γ= (7)

Analysis of sectional plasticity influence coefficient of

resistance moment γ: Based on the tested experimental data

of the cracking moment which contains 14 GFRP, 20 CFRP, 6

BFRP and 4 AFRP reinforced concrete beams, respectively.

The values of sectional plasticity influence coefficient under

every working condition will be got by plug the data into eqn.

7 and fitting out the average value with statistical methods, as

shown in Tables 1-4.

Tables 1-4 show that the value of γ range from 1.05 to 1.27

and concentrate at 1.1 to 1.17 when the reinforced ratio from

0.2 to 1.5 % and concrete strength grade from C30 to C60, as

shown in Fig.2. What’s more, the values of γ are very close for

different kinds of FRP reinforced concrete beams. In this paper,

γ = 1.14 is proposed for considering the structural safety stock

and Convenient application.

Verification of the cracking moment of FRP reinforced

concrete beams: ACI 440.1R-06 offers the following expre-

ssion6 to calculate the cracking moment:

1
gtcr h)If2(M −

= (8)

where ft is the tensile strength of concrete, Ig = bh3/12 is the

gross moment of inertia.

Calculating the cracking moment by eqns. 7 and 8 to verify

the proposed theoretical equation based on the experimental

data of Toutanji and Saafi17 and Zorislav18, as shown in Table-5.

Table-5 shows that the average and square deviation of

the ratio between predicted and experimental cracking moment

are 0.87 and 0.023, respectively, which means that the predicted
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values are smaller than the experimental values about 10 %

and it is advantageous to judge the component cracking with

the eqn. 7. As can be seen from the results, the predictions

obtained from the current study are larger than the values

calculated by ACI 440.1R-06 about 2-10 %, for considering

the effect of the plastic deformation of concrete in tensile area,

so the calculation model is more close to the actual deformation

and the results will be more accurate.

Conclusion

A method to calculate the cracking moment of FRP concrete

beams based on the tested experimental data had been estab-

lished. It was found that the computational formula of cracking

moment had a good applicability after the comparison with

the American code and reliability analysis. The sectional

plasticity influence coefficient of resistance moment that is

suitable for FRP concrete beams was obtained and it was

TABLE-2 

VALUE OF γ OF CONCRETE BEAM REINFORCED WITH CFRP BARS 

Reference b (mm) h (mm) ρf (%) ft (MPa) K x0 (mm) Mcr,ex (kN m) γ AVG STDEV CV 

100 200 0.22 2.54 4.3 100 1.7 1.17 

100 200 0.22 2.54 4.3 100 1.6 1.16 

100 200 0.22 2.54 4.3 100 1.3 0.87a 

100 200 0.22 2.64 4.2 100 1.8 1.27a 

Ou  
et al.13 

100 200 0.22 2.64 4.2 100 1.7 1.12 

180 250 0.37 3.11 4.5 126 5.2 1.08 
Xu14 

180 250 0.48 3.11 4.5 127 5.46 1.10 

200 300 0.60 3.94 4.0 152 11.57 1.13 

200 300 0.60 3.94 4.0 152 11.68 1.14 

200 300 0.90 3.89 4.0 153 11.77 1.16 

200 300 1.20 3.89 4.0 152 11.27 1.19 

200 300 0.50 3.92 4.0 153 11.86 1.16 

Kassem  

et al.10 

200 300 0.50 3.92 4.0 154 11.76 1.15 

200 300 0.80 3.96 4.1 153 11.02 1.05 

200 300 1.10 3.96 4.1 154 11.91 1.10 

120 200 2.77 3.88 4.1 105 2.63 1.06 

120 200 2.77 3.78 4.1 105 2.53 1.07 

120 200 0.32 3.66 4.1 106 2.4 1.11 

Rafi  
et al.5 

120 200 0.32 3.61 4.1 106 2.4 1.10 

1.12 0.041 0.035 

aDon't participate in calculation. 

 

TABLE-3 

VALUE OF γ OF CONCRETE BEAM REINFORCED WITH BFRP BARS 

Reference b (mm) h (mm) ρf (%) ft (MPa)  K x0 (mm) Mcr,ex (kNm) γ AVGa STDEVb CVc 

200 300 0.36 3.1 1.4 150 10.5 1.13 

200 300 0.77 3.1 1.4 150 10.6 1.13 
Huo 

et al.15 
200 300 1.15 3.3 1.4 151 12 1.19a 

200 300 0.21 3.13 1.3 150 7.12 1.04a 

200 300 0.29 3.13 1.3 150 7.37 1.11 Li et al.16 

200 300 0.44 3.13 1.3 150 7.45 1.14 

1.13 0.013 0.012 

aDon't participate in calculation. 

 
TABLE-4 

VALUE OF γ OF CONCRETE BEAM REINFORCED WITH AFRP BARS 

Reference b (mm) h (mm) ρf (%) ft (MPa)  K x0 (mm) Mcr,ex (kNm) γ AVGa STDEVb CVc 

200 300 0.9 2.9 1.7 151 10.1 1.13 

200 300 0.9 2.9 1.7 151 10 1.13 

200 300 1.2 2.9 1.7 151 10.5 1.17 

Kassem  
et al.10 

200 300 1.2 2.9 1.7 151 10.6 1.18 

1.16 0.035 0.030 

 
TABLE-5 

COMPARISON OF CRACKING MOMENT 

Reference FRP bar Mcr,ex (Kn m) Mcr, γ=1.14 Mcr,ACI (kN m)  Mcr,γ=1.14/Mcr,ex Mcr,ACI/Mcr,ex Mcr, γ=1.14/Mcr,ACI 

GFRP 11.7 10.3 10.09 0.88 0.86 1.02 

GFRP 12.3 10.3 10.09 0.84 0.82 1.02 

GFRP 13.4 11.1 10.09 0.83 0.75 1.1 

Toutanji and 
Saafi17 

GFRP 12.8 11.1 10.09 0.86 0.78 1.1 

CFRP 6.1 5.3 4.8 0.88 0.78 1.1 

CFRP 5.9 5.3 4.8 0.89 0.81 1.1 Zorislav18 

CFRP 6 5.3 4.8 0.88 0.80 1.1 
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Fig. 2. Distribution of γ

slightly affected by reinforced ratio and concrete strength

grade, In this paper, γ = 1.14 was proposed for accounting for

the structural safety stock and easy application.
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