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The Schultz Polynomial of Zigzag Polyhex Nanotubes
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The Schultz polynomial, S(G,x), of a molecular graph G has the
property that its first derivative at x=1 is equal to the Schultz index of
graph. lvan Gutman discovered that in the case of G isatree, S(G,x),
has closely related to the Wiener polynomia of G. In this paper, we
find the exact expression for Schultz polynomial of TUHC; [2p; q], the
zigzag polyhex nanotubes, and obtain a relation between Schultz and
Wiener polynomials of TUHC; [2p; q].
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INTRODUCTION

Topological indices are numerical descriptors that are derived from molecul ar
graphs of chemical compounds. The Wiener index isthe oldest topological indices.
In 1947 chemist Harold Wiener® developed the most widely known topological
descriptor, the Wiener index and used it to determine physical properties of types of
alkanes known as paraffins. Numerous chemical applications of Wiener index are
reported and its mathematical propertiesarewell understood. In the chemical language,
the Wiener index is equal to the sum of all shortest carbon carbon bond pathsin a
molecule. In agraph theoretical language, the Wiener index is equal to the count of
all shortest distances in a graph. For athorough survey in this topic we encourage
the reader to consult the reported works™*.

Haruo Hosoya® introduced a distance-based polynomial, that he called it the
Wiener polynomial, related to each connected graph G as:

H(GX) =1 {x"V: uveV(G),u=}.
Thefirst derivative of H(G,x) at x = 1 is equal to Wiener index of G.
Schultz® introduced the following topological index (Schultz index)
SG)= %Z{ (deg(u) +deg(v))d(u,v):u,ve V(G), u= v},
where deg(u) is degree of vertex u, i.e. the number of the vertices joining to the
vertex u.

These indices have many chemical applications”®.
Similar to Hosoya, Gutman introduced new polynomial

S(G,x) =1 {(deg(u) + deg(v))x““" :u,v e V(G),u =},
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that the first its derivative at x = 1 is equal to the Schultz index®. He obtained some
rel ationships between this polynomia and Wiener polynomial of trees. Sen-Peng
et al.”® also did similar work for hexagonal chains.

RESULTSAND DISCUSSION

In 1991 lijima" discovered carbon nanotubes as multi walled structures. Carbon
nanotubes show remarkable mechanical properties. Experimental studieshave shown
that they belong to the stiffest and el astic known materials. These mechanical charact-
eristics clearly predestinate nanotubes for advanced composites. Diudea™*® was
the first chemist which considered the problem of computing topological indices of
nanostructures. Recently computing topological indices of nanostructures has been
the object of many papers'™?’.

In this paper, we give exact expression for Schultz polynomial of TUHC; [2p; q],
zigzag polyhex nanotube (Fig. 1) and obtain arelation between Schultz and Wiener
polynomials of TUHCs [2p; q].

Fig. 1. A TUHGC; [2p; g] hanotube

EXPERIMENTAL

Throughout this paper G: = TUHC [2p; q], (Fig. 1), denotes an arbitrary zig-zag
polyhex nanotube in terms of the circumference p and the length g. We also choose
acoordinate label for verticesof TUHC [2p; q], asshown in Fig. 2. At first we give
an important result on G.

Result 1: For awhite vertex of level 0 we have

Wk(X) — zxd(xozvv)

ve level k
Xd(xm,v)

ve level k

il(xk+p+l + X kx 22 _x 2T (K +1)x3) if 0<k<p
=< X -

px 2k 4 px % if k>p,
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Fig. 2. A zig-zag polyhex nanotube lattice with p=8 and q=6

and for a black vertex of level 0 we have

b, (x) = x 401V
ve level k
— ZXU(XOP,’V)
ve level k
il(x"+p+1 X (k=DxZ —x® —kx® 1) if 0<k<p
=< X—-
px 2kt 4 p2k if k>p.

Proof: We compute b, (x) . It sufficesto consider Xq. For other blacks vertices
the argument is similar. At first note that the lattice is symmetric (with respect to
the line joining Xo; to X11). We distinguish three cases:

Casel: k>pandkiseven. Inthiscasefor j, wherel<j<p+ 1, we have

2k-1 if jiseven
d(Xq, X ) =
(o Xg) {Zk if j is odd
and obtain p vertices having distance 2k-1 from Xxo; and p vertices having 2k distance

bk(X)z Zxd(xm,v) _ Zxd(x(n,xkj) " Zxd(xolvxkj) _ pX2k71+ pX2k.

velevel k jiseven jisodd

Case2: k>2pandkisodd. Inthiscaseforj, wherel<j<p+ 1, wehave
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A(Xs %) = 2k if j iseven
oI 2k -1 if j isodd

and we obtain p vertices having distance 2k-1 from Xo1, and p vertices having 2k
distance from Xo:. SO

bk(x) _ Xd(xm,v) _ Xd(Xoerkj) n Xd(xolrxkj) _ pXZk—l 4 pxzk_
vaéﬂ k jigen jgdd
Case3: k<p. Fordlp+1<jandj>k+1,
d(Xog, X)) =k+]j-1.
Thus the summation of ydxaxq)’s (for al j'ssuchthatp+1<jandj>k+1)
and symmetric of X;’sis

p
_ 1

:2 Xk+J*1+Xk+p+l_l = Xk+p+l+xk+p _2X2k+l :
S, j;z x—l( )

Alsoif 1<j<+1,then
2k if k-] isodd

d(Xg,Xy) = i i
(Xo1 kJ) {zk-l if k-j iseven.

By considering these vertices and their symmetric we obtain k+1 vertices having
distance 2k and k vertices having 2k-1 distance from Xo;. Therefore the summation

of 4wy ’s (for all j’s such that 1 <j < k + 1) and symmetric of X,;’sis

S, = (k +1)x?* + kx®*, Hence

b, (x) =S, +S,
— 1 1(Xk+p+l + Xk+p _ 2X2k+l) + (k +1)X2k + kX2k—l
X —
— 1 1 (Xk+p+l + Xk+p + (k _1)X2k+l _ X2k _ kX2k—l).
X —

In asimilar manner we can compute wi(X).
Result 2:

(@  d(Xgp,X) =d(Xgs,X) =+ =d(Xg pp,X) = W (X) + Wy (X) + -+ Wg_y (X).
(0)  d(Xgq,X) =d(Xgg,X) =+ =d(X2p1,X) =B (X) + by (X) + -+ by_1 (X).
Proof: By Result 1, we have

d(XOZ’X) = zxd(u,xoz) + Zxd(u,xoz) P zxd(u,xoz)

uelevel 0 uelevel 1 uelevel g-1

=W (X) + Wy (X) +--- + Wy 4 (X).
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Thus
d(Xgz,X) =d(Xgg,X) =+ =d(Xg 29, X) = W (X) + W, (X) + -+ W4 (X).
The proof of (b) issimilar.
For avertex u of graph G welet dg(v,x) or sometimes d(v,x) , be

dg(ux)= Y x™

veV(G)
By this notation we have
Result 3: If 0<j < q-1 bean odd number, then

(@ d(Xjq,X) =d(Xj3,X) =" =d(X] 35-1,X) = W (X) + Wy (X) ++++ +Wg_;.39(X) + by (X) + -+ + b (X).
(b) d(x;5,x) =d(X4,X) =---=d(X] 5,

Proof: First supposej = 1. We consider the tube that can be built up from two
halves collapsing at level 1. The bottom part isthe graph G; = TUHC{[2p; g-1] and

we can consider x;; as one of the white edges in the first row of the graph G,.
According to Result 2, we have

X) =Dy (X) + by (X) +---+ bq_(j+1)(x) +w,(x) +---+wj(x).

dg, (X11,X) =dg (X43,X) =+ =dg (Xq2p1,X) = Wo(X) +W;(X) + - +Wg 4 (X).
Thetop part isthe graph TUHC[2p; g-1]= él and level 1 of graph Gisthefirst
its row and Xy is such a black vertex of él. Therefore by Result 2, dél = bo(X) +

by(x) and d(31 (X41,X) = dé1 (Xq1:Xq3) ="+ = dé1 (xlvzpfll,x) =Dy (X) + b, (X).
Since wy(x)=hy(x) and dg(X11,X) =dg, (X31,X) +dg (X13,X) =By (X) , then
dg (X115 X) = Wo (X) + Wy (X) +-- + W o(X) + by (X)
and such asit. Similarly for x;» we can see that
dg(X12,X) =dg (X4, X) =+ = dg (X 25, X) = B (X) + by (X) + -+ + b5 (X) + Wy (X).

By repetition of this argument we obtain the result.
Result 4: If 0<j < -1 be an even number, then

(@ d(Xj1,X) =d(Xg,X) =+ =d(X; 21,X) =B (X) + by (X) + -+ bg_g,4) (X) + W1 (X) + -+ W;(X).
(b)  d(Xj2,X) =d(X;4,X) ="+ =d(X; 5

Proof: First supposethat j = 2. We consider the tube can be built up from two
halves collapsing at level 2. The bottom part isthe graph G, =TUHC; [2p; g-2] and
thelevel 2 of Gisthefirst level of G, and we can consider X,; one of the black edges
in the first row of graph G,. According to result 2, we have

dg, (Xp1,X) =dg, (Xp3,X) =+ =dg (X5 25-1,X) = Do (X) + by (X) +--- +by_3(X).
Thetop part is the graph TUHC, [2p; 3]= éz and level 2 of graph Gisthefirst
level of G,and xz1 is such awhite vertex of G, . Therefore by result 2, we have
déz (X51,X) =W (X) + W, (X) +W,(X) and

1X) =W (X) + Wy (X) ++ o+ W50y (X) + Dy (X) +--- 4+ b; (X).
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dé2 (Xp1,X) = d(32 (X2,x)=---= déz (X2,2p-11:X) = W (X) + Wy (X) + W, (X).
Since WO(X) = bO(X) and dG(Xzyx) = dG12 (X211X) + déz (X211X) - Wo(x) , then
g (X21,X) = Do (X) + Wy (X) + -+ + Bg_5(X) + Wy (X) + W, (X)
and similarly
Ao (Xz3,X) =+++ =g (Xy 2p-1:X) = D (X) + Dy (X) + -+ + by _5(X) + Wy (X) + W, (X).
We can repeat similar this process for x», and see that
o (Xp2,X) =g (Xpq,X) =+ = dg (X555, X) = W (X) + Wy (X) + -+ Wy_5(X) + by (X) + b, (X).

By repetition of this argument we can obtain the result.
Foral 0<j<qg-1, put

F(3) = W ) + Wi (X) 4+ W12 () + By () + -+ by (%)
and
9g(J,x) = bg (X) + by (X) + -+ + by_j,4) (X) + Wy (X) +++- + W (X).

In the following result we find arelation beween Schultz and Wiener polynomids
of TUHCH[2p; q].

q-1
Result 5: Let G=TUHCH[2p; q. Then S(G.X) = 6H(G,X)—2p)_w; ().
i=0
Proof: Let A; and A1 be the set of vertices on the levelsk = 0 and k = g-1,
respectively. We have

SGX) =% D (deg(u)+deg(v)x""

{uvtcV(G)

=1 % D (deg(u)+deg(v))x"“"
ueV(G)veV(G)

=1 > D degux™+1 D" deg(v)x Y
ueV(G) ve V(G) ueV(G) ve V(G)

=1 Ydeg(u) Y deg(u)x*+ 1 Y deg(v) Y deg(ux“?
ueV(G) veV(G) veV(G) ueV(G)

= " deg(u)d(u,x)
ueV(G)

= Y deg(u)d(u,x)+ Y deg(u)d(u,x)+ > deg(u)d(u,x).
ueV(G)\(AgUAy4) ueA, ueAq,

Notethat if ue V(G)\ (A, WA ), then deg(u)=3. Suppose that
Ay, ={ueA,|uisblack}and A, ={ue A, |uiswithe} . Then

q 3ifueAy,
u) =
eg(v) 2 ifueA,,.
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Thegraph G’ can be obtained from the graph G such that lineq-1isitsfirst row

and lineOisitslast row. Let

Agp={ueA  |uisblackinG} and A,, ., ={ue A, |uiswhiteinG'} .

Then
3ifueA,,
deg(U) =1, ¢ !
fueAqy-

Hence

> deg(u)d(u,x) = > d(u.x)
ueV(G)\(AgUA ;) ueV(G)\ (AgUA,)
=3 >dux

ueV(G)\ (AgUA4 1)

=3( Ddux) - > dux)- > dux)

ueV(G) uehAy ueAg
=3( D d(ux)— D dux)— >dux)- > dux)- Y dux).(2)
ueV(G) ueAgp ueAgy ueAgap ue Aw

According to result 2 if ue A, then d(u,x) = Zlq;;bl (x) and for ueA,,,
we have d(u,x) = Z:SWI (x). Also by considering G’ and using result 2, for all

ueA, 1, wehave d(ux)=> " b (x) andfor UeAqy,, dux)=Y " w(x).
So

gq-1 gq-1 g-1 gq-1 g-1
D deg(uid(u,x) =3( Y d(ux)—pY b (x) = pY_W; (x) — P b; (x) —pD_b; (x) - pY_w; (X))
i=0 i=0 i=0 i=0 i=0

ueV(G)\(Aoqu 1) ueV(G)
q-1 g-1
=3 > d(ux)-6p) b, (x)~6p W, (x). ®
ueV(G) i=0 i=0

Also

D" deg(u)d(u,x) = > deg(u)d(u,x)+ > deg(u)d(u,x)

ueAq uehgp ueh gy
=3 dux)+2 > d(u,x)
ueAgp ueAgw

-1 a1
=3pY b, (x)+2pY>_w; (), 4
i=0 i=0
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and similarly
g-1 g-1
u;ﬁdeg(u)d(u, X) = 3p§ b, (x) + 2piz:0: w; (X). (5)

So by (1)-(5) we have
SG.X)=3 > d(ux)- 2pqiwi (x) = 6H(G,x) - 2pqiwi (x).
i=0 i-0

ueV (G)
Theorem: The Schultz polynomial of G is given by
when q<p
SGX)=———P_(Bp((2—2)x° + (2- 1) + (Bq+ DX+ 20+ 1)x?T = 5(x+1)2(X+ L)xP*?

(x+1)(x-1)°

+H(gx+ Ex+1-q)(x+D)°xP —ax* + (-2 —g)x® - 2x* + (g - Dx+q - 2),

and when g > p

6p(((-a+p-1)x* = §x+q—p— X+ (x+1)*(@X* + §x - g+ X

1
ey

—2p(x + (X —Hx*I —gx* + (-2 - q)x® - 2x* + (q-Dx -1 +q)).
q-1
Proof: We compute U;G?(u,x) and D W;(X) | Let
< i=0

A,={i|1<i<2p and i isevan}, A, ={i|1<i<2p andi isodd}

and
A, ={j|1<j<qg-1and j isevan}, A, ={j|1<i<g-1and j isodd}.
Then we have
Dod(ux)= D d(x;.x)
ueV(G) Xii eV(G)
= > > dx) + D0 > dxx) + Y D> dx )+ D D d(x;.X)
jeBjieAy jeBjieA, jeByieA, jeByieA,
IR B EDIDN (RIE I (BIEI I (B
jeBjieA; jeBiieA, jeByieA, jeByieA,
= D00 Y 14+ D g0x) D 1+ > g D1+ D (X)) D1
jeB; ieA; jeB; ieA, jeB, ieA; jeB, ieA,
= > pf(G.)+ D pg(ix)+ > pg(i,x) + > pf(j,x)
jeBy jeBy jeB, j€By

=pL Y (F(1:)+9(0x) + D (F (1) +9(1,X))]

jeB; jeB,

g1
=p>_ (f(.%) +9(,x))-

j=0
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Supposethat g<p. Then by Lemmal, for each 0<k <q-1 we have
by (X) = (Xk+p+1 + xR (K — DXL xRy,
and
W, (X) = (Xk+p+l +XFHP 4 B2y 2R (L )2k

So
D dux)= X’Zpa((x+1)(qx +2x = 2X¥ —g)x® —x((q-Dx —gq-D)x** —gx® —x - x* +q)

ueV(G)

Zw () = Gty O T2 (@ DxXP82 4 207 )P (L x4 x4 X - x4 1= 2% xP)
and the result follows.
Now suppose that q > p. Let
C,={0<j<p-1]0<qg-(j+1)<p-1},C, ={0<j<p-1| p£g-(j+1) <qg-1},
Cs={p<j<q-1/0<q-(+1=<p-1},C, ={p<j<q-1p<qg-(+1)<q-1}.
Wenotethat if C, = & then2p>q.adsoif C, =, then2p <q. Thereforefirst
supposethat C, =<, so C, = and 2p > q. Thus by result 1,

a-(+D)
j€C1:>f(j,X) k+p+1+Xk+p +kX2k+2 _X2k+l_(k+1)x2k)+
X_

k=0

ix

k+p+l + Xk+p + (k _1)X2k+1 _ X2k _ kx2kfl)

|_\

-1

P
jeC,=f(,x)= 271 1(xk+p+l +xEP kxR xR (ke Dx ) +
k:O
a-(j+1) i 1
pX2k+l + px2k )+ z (Xk+p+l + Xk+p + (k _1)X2k+1 _ X2k _ kx2kfl)
k=p -
a-(i+1)
jeCy=1(,x) = Z 1 (P xR kP2 xR (K +2)x ) +
X —
k=0
p-1 i
1 1(Xk+p+1 FXP 4 (K — X ) gyely 4 Z(pXZK—l +px).
X—
k=1 —
j-1 1
jeC,=g(,x)= —l(xk+p+l + XMk xR (k+ )x ) +
X p—
k=0
o) 1

1(Xk+p+l + Xk+p + (k _l)X2k+l _ X2k _ kX2kfl)
X —
k=1



940 Eliasi et al. Asian J. Chem.

i
jeC,=q(,x)= zixil(xkﬂ“l FXP 4 kxR 2 (kD)X +

k=0
1 oq a_(+1) . .
" 1(Xk+p+1 + Xk+p + (k _1)X2k+l _ X2|< _ kX2|<—l) + Z(pXZ -1 + pX2 )
k=1 " k=p
p-1 1
jeCi=9(,x)= Z:—l(xk+p+l F X k32 xR (K +1)x%¢) +
X p—
k=0
i a-(i+1) 1
Z(px2k+l + pX2k )+ k+p+1 + Xk+p + (k _1)X2k+l _ X2k _ kXZk_l).
kep ke X~ 1
So
> d(u,x) = )3 X((p=1-a)x +q—p-Dx® + (x+1)(gx? + 2x — g)x? — px**(x —1) - x* =x - x> +q).
UeV(G)

Alsointhiscase since p<(, then by result 1 we have

g-1 p-1 q-1
2 Wi (9= 2, Wi () + 3w ()
i=0 = k=p

p-1 g-1
_z 1 (Xk+p+1+xk+p + kx2k+2 —X2k+1—(k+1)X2k)+Z(pX2k+l+pXZk)

k=0 X~ k=p
:M(xzml —(X+1)?xP + (px? — p)x* +x% +x +1).
Therefore
G, X) = (Bp(((~q+ P-DX? = Sx+ - p— X+ (x + DA(AK? + Sx— g+ Hx®

(x-3(x+1)
—2p(x +)(x* =Dx* —ax* + (-2 - q)x° - 2x* + (q-x - $+0)).
We can proof other conditions by this method.
Now differentiation of Schultz polynomial of G and letting x=1 we obtain the
Schultz index of G.
Corollary: The Schultz index of G is given by

when q<p
S(G) =1pq(2+3qg° —3q-6p—6p” —6pg —29° +18p*q+12pq?),
and when p<q
S(G) =1p?(2+3p-2p* —12q+12p*q—12g° - 3p° - 240°).
Conclusion

We deve oped amethod which isusualy useful for calculating Schultz polynomias
of Cs nanotubes. As a consequence of calculating Schultz polynomial of zigzag
polyhex nanotubes we computed Schultz index of such nanotubes.
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