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A Note on the Topological Sense of Chemical Sets

Omer Gok* and Mesut KarAHANT
Department of Mathematics, Faculty of Arts and Sciences, Yildiz Technical University
Davutpasa Campus, 34210 Esenler-Istanbul, Turkey
E-mail: gok@yildiz.edu.tr

The present studies suggested the way to evaluate some
topological properties, such as; closure, derived set, bound-
ary, interior, exterior, semi-openness, semi-closednes, semi-
regularity, 6-semi closure, 6-semi openness, regular opennes
of subsets of chemical set interested in the chemical set cho-
sen at the beginning as object in the work of Restrepo et.al.
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INTRODUCTION

It is known that there are many chemical systems determined by the
similarity relationshipsamong their elements, for example; groups of chemi-
cal elements, alkanes, acids, ketones, etc. When we ask how to quantify
such arelationship and if they arerelated, we say that two elements of aset
of chemical interest are very similar. It is possible to define each element
asapoint in amathematical space and it is evaluated its relationship with
others by means of a distance function®. In this method each element is
determined by using several features of itself. Also, the number of these
properties defines the dimension of the space where we consider that ele-
ment as a point. For this methodology we refer to cluster analysis'?*. As
independent of the dimension of the space, one way to illustrate such clus-
tersisatwo-dimensional graphic representation by means of dendrogram?®.
Inwork of many researchers™®, it isto interpret adendrogram and its clus-
tersasamap of neighbourhoods of the elements, and extracting from these
clusters such similarity neighbourhoods. By using a neighbourhood of ev-
ery element of the set, we can apply topology in charge of studying
neigbourhood relation®®. Here, it is possible to determine, topologies on
the set and to study some topological properties of itself: closure, derived
set, boundary (frontier), interior, exterior, semi-open, semi- closed, semi-
closure, semi-regular, regular open and regular closed. For arecent result,
we refer the reported work>®. Taking a topological approach of a dendro-
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gram (complete binary tree), it is possible to find out well-known relation-
ships. As an application of this methodology it can be done a mathematic
interpretation of a dendrogram where there are no arbitrarities in the inter-
pretation of clusters®.

In this paper, we improve the work G. Restrepo et. al.™®, in the new-
topological properties of a set.

Preliminaries

Here, it is introduced well-known results from™ called methodol ogy.
If we have achemical set Q of melementsx, where every oneisdefined as
avector x = (X1, X2, - . . , Xin) Of its N properties, then we can apply cluster
analysisto this set with the purpose of knowing the similarity relationships
among x’s. First, we build up amatrix of elements (m x n) and calculate by
means of a similarity function®**® (frequently a metric’) the similarity
among all the elements. Thus, we build up a new matrix (m x m) called
similarity matrix**** and using a grouping methodology, we obtain
clustersof elements. These clustersare represented in adendrogram, which
isindependent of the dimension n of the space of work becauseit isalways
two-dimensional. In Fig. 1, it is an example of one of them.

Fig. 1. A Dendrogram
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It isseen from Fig. 1 that the neighbourhood of x; isitself and x;, or if
not strict, X; belongs to the neighbourhood of x;. an element belongsto the
neighbourhood of anather element if they both belong to the same* branch”
in the dendrogram®®*2, In a recent work®, it is shown a methodology to
define these branches as subtrees and introduced a mathematical method
to define these subtrees as subgraphs’.

Codes on the dendrogram

We associate acode made of Osand 1sto every element on the dendro-
gram. In figure 3 the dendrogram of figure 1 is codified.
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Fig. 2. Codification system
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Fig. 3. Codes on dendogram of Fig. 1

Itisimportant to remark that theidentity of every element ischaracter-
ized by its code because there is only one code for each element, although
the system of codification changes. It means, if we put 0 “above” and 1
“below,” the code of every element changes but its identity remains the
same. In spite of its changes of code, there is only one identity for every
element.
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Now, with these codes we can talk about neighbourhoods in terms of
codes. In other words, we can put the intuitive idea of neighbourhood as a
branch of the dendrogram in anumerical way. In the following we develop
thisidea defining subtree in terms of codes.

A subset A of Q iscalled subtreeif thereis acode oy 0s...0x such that:
1. Ifxe A, thentheformer componentsof code of x coincidewith cu ...
Ok.

2. If for eachy € Q the former components of code of y coincide with
ouo...0k theny e A,

A subtreeisthe set {y € Q|y starts with the code cuc...ci} .

In Fig. 3, the subset R = { Xg,Xo,X10,X11} 1S @ subtree since al its elements
start from the code 1101.

The subset NR = { X1, Xz, X4, Xs} IS N0t a subtree.

An n-subtreeis asubtree of cardinality lessthan or equal to n. In other
words, an n-subtree has at most n elements. The subtree R of example 1is
an example of 4-subtree or 5-subtree. A maximal n-subtree is an
n-subtreesuch that there is no other n-subtree containing it. The subtree R
isamaximal 4-subtree.

Proposition 1: B, is a partition of Q, where B, = {B|B is a maximal
n-subtree} .
Lemma 2: Every partition defined over a subset is basis for a topology.

B: produce atopology on Q by means of arbitrary unions among its
elements. Now, define the topology on Q obtained using basis by Lemma
2.

Let 7, ={uUerB | F C B} atopology on the set Q.

Proposition 3: The pain (Q, 7,) is atopological space®.
On the chemical meaning of topological properties

In awork>® they showed that several intuitive chemical ideas can be
explained according to our methodology. For example, they found that the
mathematical boundary of metals and non-metalsisthe same set of chemi-
cal elements, that is semimetals™®. This result shows that the ancient
concept of semimetal as an element whose properties are not from metals
nor from nonmetals has a mathematical explanation taking advantage of
known properties of chemical elements. On the other hand, they showed®
that, taking advantage of resultsfrom Molecular Quantum Similarity™, the
intuitive classification of steroids according to chemical knowledge on struc-
ture and reactivity gives adigoint set which indicates that this classifica-
tion is correct. They apply the same methodology to sets of amino acids™
and benzimidazoles®™ and they found® some chemical species belonging to
more than one set; something like happens with semimetals regarding to
metals and non-metals™®. These results indicate that there are some
substances sharing their properties with substances of other sets commonly
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considered different. These results arose from topological properties of
sets Q of chemical interest. Let us take the following example:
Example4: Let Q={a,b,c,d, e f, g hi,j,klmnopq,rstuvw,
X, ¥,Z+. See Fig. 4, if n = 4, then we research 4-maximal subtrees on the
dendrogram. Then,

B.={{a b, d},{fm} {c g, 1}, {enp} {t,i}, {uho},{vw} {xy, a7,
{s,j, K {r}} isabasisfor atopology. Let uscall A, whichis: A={a, b, c,
d, e f, g} < Q. We areinterested in the topological properties of A.

Closure of a subset
We denoteit by A or CI(A). Here, A={a, b, ¢, d, e f, g, 1,m, n, p}.

|
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Fig. 4. A particular dendrogram of 26 elements

Derived set of a subset

Wedenoteit by A. Here A'={a, b, c,d, g, |,m, n, p}.
Boundary of a subset

We denoteit by b(A). b(A) ={c, e, f, g, n,pm, I}
Interior of asubset

We denoteit by Int(A). Int(A) ={a, b, d}
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Exterior of a subset

We denoteit by Ext(A). Ext(A) ={h,i,j,k 0,0,r, S t, U VW, XY, Z}.
A semi-openness of a subset

We denoteit by sInt(A). Since A  sInt(A), A is not a semi-open set.
A semi-closure of a subset

We denoteit by sCI(A). Aisnot asemi-closed set, because its comple-
ment is not a semi-open set.
A 0-semi-closure of a subset

We denoteit by 6-sCI(A). 6-sCI(A) # A.
Regular openness of a subset

We denote it by RO(A). RO(A) = Int(CI(A)) = A
AorCl(A) ={a,b,c,d ef g l.mn,p}.
RO(A) # A.
Regular closedness of a subset

We donote it by RCI(A).
RCI(A) = A.

Let X be anon-empty set and P a collection of subsetsof X. Piscalled
apartition of X iff:
1. X= UngB
2. |If Blandee P,thenBlﬁBz=®
Let X be anon-empty set and 7 a collection of subsets of X such that:
Xer
Qe
If Oy ...,0n€ 7, then 5 Oje 7
4. Ifoael,O4€ 7,then Nyl O, € T
Thus, Tisatopology, the couple (X, 7) iscalled atopological space and the
elements of 7 are called open sets.

Let B be a collection of subsets of a non-empty set X, such that:
1. X= UBgBB
2. If By,B, € B, then B: n B, is the union of elements of B, then B is
called abasis for the topology 7,
where 7={UgeB | F C B}.

Some topological properties are the following:
Let Ac Xandx e X; xissaidto beaclosure point of Aiff for every O € T,
such that x e O, then
ONnA+@.
Let A c X; the closure of Aisdefined as: CI(A) = A = {xe X|xisclosure
point of A}.
LetAc Xandx e X; itissad that x isan accumulation point of A iff for
every O € 7, such that
xe O,then(O-{x}) nA=D.

wn R
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Let Ac X; thederived set of Aisdefined as: A'={x e X|xisaccumulation
point of A}.

Let Ac Xandx e X;itissaidthat xisaboundary point of Aif for every O
€ 1,suchthat x € O, then

ONnAzx@andOnNn (X-A)=@.

Let Ac X; the boundary of Ais defined as:

b (A) ={x e X|xisboundary point of A}.

Let Ac Xandxe X;itissaidthat xisan interior point of Aif for every O
€ 1,suchthat x € O, then

ONn(X-A=4a.

Let A c X; theinterior of Aisdefined as:

Int(A) = {xe X|xisinterior point of A}.

LetAc Xandx e X; itissaidthat xisan exterior point of Aiff for every O
€ 1,suchthat xe O, then

ONnA=0.

Let A c X; the exterior of Aisdefined as:

Ext(A) = {x e X|xisexterior point of A}.

Let X be atopological space and let Sbeaset in X. Sis called semi-
open if S c CI(Int(S))***. The complement of a semi-open set is called
semi-closed®. The intersection of all semi-closed sets of X containing Sis
called the semi-closure of S'*# and denote it by sCI(S).

The family of al semi-open (respectively open) subsets of X is de-
noted by SO (X) (respectively O (X)). Set SO(X, X)={ U| x e Ue SO(X)}. A
subset Sof X issaid to be semi-regular if it is semi open and semiclosed™.

The family of al semi-regular subsets of X is denoted by SR(X). A
point X € Xissaid to be the 6- semi-cluster point of Sc X if Cl(U) n S#
@ for every Ue SO(X, ). The set of all 6-semi-cluster pointsof Siscalled
the ©-semi-closure of Sand isdenoted by 6-sCI(S). If S=6-sCI(S), then Sis
called 6-semi-closed. The complement of a 6-semi-closed set is called 6-
semi-open. A subset Sof Xiscalled regular openif S=Int(Cl(S)). Itscomple-
ment is called regular closed, i.e. S= CI(Int(S)).

Conclusion

Inthiswork, chemical objectswere studied by means of discrete math-
ematicsand we add adevelopment of amathematical methodology to study
sets of chemical objects Q based on a classification of elementsin Q to
work G. Restrepo et al.””. It is shown away® to represent every element of
the tree as a code and defined neighbourhoods on the tree representing
neighbourhoods on the space of all elements of Q. We described a
procedure to cal culate sometopol ogical properties of subsetsof Q, such as
closure, derived set, boundary, interior, exterior, semi-openness, semi-
closedness, semi-regularity, 6-semi closure, 6-semi openness, regular
openness and so on. It is shown the chemical meaning of such propertiesif



2388 GOk et al. Asian J. Chem.

each element of Q has been defined according to its features or properties.
As applied this methodology to chemical systems, it can be applied the
same procedure to other systems such as physical, biological. For this, we
must have a set of discrete elements that can be classified and shown as a
tree.
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