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A Note on the Topological Sense of Chemical Sets
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The present studies suggested the way to evaluate some
topological properties, such as; closure, derived set, bound-
ary, interior, exterior, semi-openness, semi-closednes, semi-
regularity, θ-semi closure, θ-semi openness, regular opennes
of subsets of chemical set interested in the chemical set cho-
sen at the beginning as object in the work of Restrepo et.al.
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INTRODUCTION

It is known that there are many chemical systems determined by the
similarity relationships among their elements, for example; groups of chemi-
cal elements, alkanes, acids, ketones, etc. When we ask how to quantify
such a relationship and if they are related, we say that two elements of a set
of chemical interest are very similar. It is possible to define each element
as a point in a mathematical space and it is evaluated its relationship with
others by means of a distance function1-3. In this method each element is
determined by using several features of itself. Also, the number of these
properties defines the dimension of the space where we consider that ele-
ment as a point. For this methodology we refer to cluster analysis1,2,4. As
independent of the dimension of the space, one way to illustrate such clus-
ters is a two-dimensional graphic representation by means of dendrogram5.
In work of many researchers5-8, it is to interpret a dendrogram and its clus-
ters as a map of neighbourhoods of the elements, and extracting from these
clusters such similarity neighbourhoods. By using a neighbourhood of ev-
ery element of the set, we can apply topology in charge of studying
neigbourhood relation5-8. Here, it is possible to determine, topologies on
the set and to study some topological properties of itself: closure, derived
set, boundary (frontier), interior, exterior, semi-open, semi- closed, semi-
closure, semi-regular, regular open and regular closed. For a recent result,
we refer the reported work5-8. Taking a topological approach of a dendro-
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gram (complete binary tree), it is possible to find out well-known relation-
ships. As an application of this methodology it can be done a mathematic
interpretation of a dendrogram where there are no arbitrarities in the inter-
pretation of clusters9,10.

In this paper, we improve the work G. Restrepo et. al.10, in the new-
topological properties of a set.

Preliminaries

Here, it is introduced well-known results from10 called methodology.
If we have a chemical set Q of m elements xi, where every one is defined as
a vector xi = (xi1, xi2, . . . , xin) of its n properties, then we can apply cluster
analysis to this set with the purpose of knowing the similarity relationships
among xi’s. First, we build up a matrix of elements (m × n) and calculate by
means of a similarity function1-3,5-8 (frequently a metric9) the similarity
among all the elements. Thus, we build up a new matrix (m × m) called
similarity matrix1,4,11 and using a grouping methodology, we obtain
clusters of elements. These clusters are represented in a dendrogram, which
is independent of the dimension n of the space of work because it is always
two-dimensional. In Fig. 1, it is an example of one of them.

Fig. 1. A Dendrogram
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It is seen from Fig. 1 that the neighbourhood of x1 is itself and x2, or if
not strict, x3 belongs to the neighbourhood of x1. an element belongs to the
neighbourhood of another element if they both belong to the same “branch”
in the dendrogram5,8,12. In a recent work6, it is shown a methodology to
define these branches as subtrees and introduced a mathematical method
to define these subtrees as subgraphs5.

Codes on the dendrogram

We associate a code made of 0s and 1s to every element on the dendro-
gram. In figure 3 the dendrogram of figure 1 is codified.

Fig. 2. Codification system

Fig. 3.  Codes on dendogram of Fig. 1

It is important to remark that the identity of every element is character-
ized by its code because there is only one code for each element, although
the system of codification changes. It means, if we put 0 “above” and 1
“below,” the code of every element changes but its identity remains the
same. In spite of its changes of code, there is only one identity for every
element.
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Now, with these codes we can talk about neighbourhoods in terms of
codes. In other words, we can put the intuitive idea of neighbourhood as a
branch of the dendrogram in a numerical way. In the following we develop
this idea defining subtree in terms of codes.

A subset A of Q is called subtree if there is a code α1α2...αk such that:
1. If x ∈ A, then the former components of code of x coincide with α1α2...
αk.
2. If for each y ∈ Q the former components of code of y coincide with
α1α2...αk, then y ∈ A.
A subtree is the set {y ∈ Q| y starts with the code α1α2...αk}.
In Fig. 3, the subset R = {x8,x9,x10,x11} is a subtree since all its elements
start from the code 1101.
The subset NR = {x1, x2, x4, x5} is not a subtree.

An n-subtree is a subtree of cardinality less than or equal to n. In other
words, an n-subtree has at most n elements. The subtree R of example 1 is
an example of 4-subtree or 5-subtree. A maximal n-subtree is an
n-subtreesuch that there is no other n-subtree containing it. The subtree R
is a maximal 4-subtree.
Proposition 1: Bn is a partition of Q, where Bn = {B|B is a maximal
n-subtree}.
Lemma 2: Every partition defined over a subset is basis for a topology.

Bn produce a topology on Q by means of arbitrary unions among its
elements. Now, define the topology on Q obtained using basis by Lemma
2.

Let τn = {∪B∈FB | F ⊆ Bn} a topology on the set Q.
Proposition 3: The pain (Q, τn) is a topological space10.
On the chemical meaning of topological properties

In a work5-8 they showed that several intuitive chemical ideas can be
explained according to our methodology. For example, they found that the
mathematical boundary of metals and non-metals is the same set of chemi-
cal elements, that is semimetals5-8. This result shows that the ancient
concept of semimetal as an element whose properties are not from metals
nor from nonmetals has a mathematical explanation taking advantage of
known properties of chemical elements. On the other hand, they showed8

that, taking advantage of results from Molecular Quantum Similarity13, the
intuitive classification of steroids according to chemical knowledge on struc-
ture and reactivity gives a disjoint set which indicates that this classifica-
tion is correct. They apply the same methodology to sets of amino acids14

and benzimidazoles15 and they found8 some chemical species belonging to
more than one set; something like happens with semimetals regarding to
metals and non-metals5-8. These results indicate that there are some
substances sharing their properties with substances of other sets commonly
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considered different. These results arose from topological properties of
sets Q of chemical interest. Let us take the following example:
Example 4: Let Q = {a, b, c, d, e, f, g, h, i, j, k, l,m, n, o, p, q, r, s, t, u, v,w,
x, y,z}. See Fig. 4, if n = 4, then we research 4-maximal subtrees on the
dendrogram. Then,
B4 = {{a, b, d}, {f,m}, {c, g, l}, {e, n, p}, {t, i}, {u, h, o}, {v,w}, {x, y, q, z},
{s, j, k},{r}} is a basis for a topology. Let us call A, which is: A = {a, b, c,
d, e, f, g} ⊂ Q. We are interested in the topological properties of A.

Closure of a subset

We denote it by Â or Cl(A). Here, Â = {a, b, c, d, e, f, g, l,m, n, p}.

Fig. 4. A particular dendrogram of 26 elements

Derived set of a subset
We denote it by A'. Here A' = {a, b, c, d, g, l,m, n, p}.

Boundary of a subset
We denote it by b(A). b(A) = {c, e, f, g, n, p,m, l}

Interior of a subset
We denote it by Int(A). Int(A) = {a, b, d}
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Exterior of a subset
We denote it by Ext(A). Ext(A) = {h, i, j, k, o, q, r, s, t, u, v,w, x, y, z}.

A semi-openness of a subset
We denote it by sInt(A). Since A ⊄ sInt(A), A is not a semi-open set.

A semi-closure of a subset
We denote it by sCl(A). A is not a semi-closed set, because its comple-

ment is not a semi-open set.
A θθθθθ-semi-closure of a subset

We denote it by θ-sCl(A). θ-sCl(A) ≠ A.
Regular openness of a subset

We denote it by RO(A). RO(A) = Int(Cl(A)) = A
Â or Cl(A) = {a, b, c, d, e, f, g, l,m, n, p}.
RO(A) ≠ A.
Regular closedness of a subset

We donote it by RCl(A).
RCl(A) ≠ A.

Let X be a non-empty set and P a collection of subsets of X. P is called
a partition of X iff:
1. X = ∪B∈PB
2. If B1 and B2 ∈ P, then B1 ∩ B2 = Ø

Let X be a non-empty set and τ a collection of subsets of X such that:
1. X ∈ τ
2. Ø ∈ τ
3. If O1, . . . ,On ∈ τ, then ∩n

j=l Oj ∈ τ
4. If α ∈ I , Oα ∈ τ , then ∩α∈I Oα ∈ τ.
Thus, τ is a topology, the couple (X, τ) is called a topological space and the
elements of τ are called open sets.

Let B be a collection of subsets of a non-empty set X, such that:
1. X = ∪B∈BB
2. If B1,B2 ∈ B, then B1 ∩ B2 is the union of elements of B, then B is
called a basis for the topology τ,
where τ = {∪B∈FB | F ⊆ B}.

Some topological properties are the following:
Let A ⊂ X and x ∈ X; x is said to be a closure point of A iff for every O ∈ τ,
such that x ∈ O, then
O ∩ A ≠ Ø.
Let A ⊂ X; the closure of A is defined as: Cl(A) = Â = {x ∈ X | x is closure
point of A}.
Let A ⊂ X and x ∈ X; it is said that x is an accumulation point of A iff for
every O ∈ τ, such that
x ∈ O, then (O − {x}) ∩ A ≠ Ø.
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Let A ⊂ X; the derived set of A is defined as: A'= {x ∈ X | x is accumulation
point of A}.
Let A ⊂ X and x ∈ X; it is said that x is a boundary point of A if for every O
∈ τ, such that x ∈ O, then
O ∩ A ≠ Ø and O ∩ (X − A) ≠ Ø.
Let A⊂ X; the boundary of A is defined as:
b (A) = {x ∈ X | x is boundary point of A}.
Let A ⊂ X and x ∈ X; it is said that x is an interior point of A if for every O
∈ τ, such that x ∈ O, then
O ∩ (X − A) = Ø.
Let A ⊂ X; the interior of A is defined as:
Int(A) = {x ∈ X | x is interior point of A}.
Let A ⊂ X and x ∈ X; it is said that x is an exterior point of A iff for every O
∈ τ, such that x ∈ O , then
O ∩ A = Ø .
Let A ⊂ X; the exterior of A is defined as:
Ext(A) = {x ∈ X | x is exterior point of A}.

Let X be a topological space and let S be a set in X. S is called semi-
open if S ⊂ Cl(Int(S))16,17. The complement of a semi-open set is called
semi-closed18. The intersection of all semi-closed sets of X containing S is
called the semi-closure of S17,18 and denote it by sCl(S).

The family of all semi-open (respectively open) subsets of X is de-
noted by SO (X) (respectively O (X)). Set SO(X, x)={U| x ∈U∈SO(X)}. A
subset S of X is said to be semi-regular if it is semi open and semiclosed19.

The family of all semi-regular subsets of X is denoted by SR(X). A
point x ∈ X is said to be the θ- semi-cluster point of S ⊂ X if Cl(U) ∩ S ≠
Ø for every U∈SO(X, x)20. The set of all θ-semi-cluster points of S is called
the θ-semi-closure of S and is denoted by θ-sCl(S). If S=θ-sCl(S), then S is
called θ-semi-closed. The complement of a θ-semi-closed set is called θ-
semi-open. A subset S of X is called regular open if S= Int(Cl(S)). Its comple-
ment is called regular closed, i.e. S= Cl(Int(S)).

Conclusion
In this work, chemical objects were studied by means of discrete math-

ematics and we add a development of a mathematical methodology to study
sets of chemical objects Q based on a classification of elements in Q to
work G. Restrepo et al.10. It is shown a way6 to represent every element of
the tree as a code and defined neighbourhoods on the tree representing
neighbourhoods on the space of all elements of Q. We described a
procedure to calculate some topological properties of subsets of Q, such as
closure, derived set, boundary, interior, exterior, semi-openness, semi-
closedness, semi-regularity, θ-semi closure, θ-semi openness, regular
openness and so on. It is shown the chemical meaning of such properties if
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each element of Q has been defined according to its features or properties.
As applied this methodology to chemical systems, it can be applied the
same procedure to other systems such as physical, biological. For this, we
must have a set of discrete elements that can be classified and shown as a
tree.
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